We investigate the thermal transport in isolated single layer graphene (SLG) and SLG supported on Cu substrate using equilibrium molecular dynamics simulations and relaxation time approximation (RTA) method. We observe significant changes in the SLG dispersion curve in low frequency and low wave-vector region due to the interaction with Cu substrate. Several new phonon modes related to out-of-plane vibrations appear at the low frequency and small wave vector regions, but their contribution to graphene thermal conductivity is negligible. The thermal conductivity of graphene decreases by 44% due to the interactions with Cu substrate for high interaction strength parameter in Lennard-Jones potential formulation for graphene-Cu interaction. The phonon mode analysis through the RTA approach shows that the acoustic phonons dominate the thermal transport for both isolated and supported graphenes. The longitudinal acoustic (LA), transverse acoustic (TA), and out-of-plane acoustic (ZA) phonons contribute 654, 330, and 361 W/mK to the lattice thermal conductivity of isolated graphene, respectively. The phonon life time of ZA modes decreases by order of magnitude due to the interactions with Cu substrate and ZA mode contribution to SLG thermal conductivity decreases by 282 W/mK, while the contributions of LA and TA phonons reduce by 77.4 W/mK and 82.9 W/mK, respectively. V C 2012 American Institute of Physics.
I. INTRODUCTION
The exceptional electronic 1, 2 and mechanical properties of graphene have made it a very promising nano-material for future electronic applications. 3, 4 The high electron mobility or thermal conductivity of graphene is of great interest for the radio frequency devices, interconnects, and thermal management of electronic devices. 5, 6 The thermal conductivity of suspended single layer graphene (SLG) was measured to be as high as 3000-5300 W/mK. [6] [7] [8] Recent measurements show high thermal conductivity of suspended SLG grown by chemical vapor deposition (CVD) technique, e.g., 2500 W/mK at 350 K and 1400 W/mK at about 500 K. 9 However, graphenesubstrate interactions can significantly reduce the thermal conductivity of the supported SLG 3 and the supported few-layer graphene. 10 The thermal conductivity of SLG supported on SiO 2 was measured as 600 W/mK at room temperature, which is much lower than the suspended SLG but still considerably higher than many metals ($Cu) typically used in the electronic devices. 3 As graphene will be either supported or embedded in most of the applications such as field effect transistors or interconnects, a good understanding of the graphene thermal interaction with different materials such as dielectrics ($SiO 2 ) and metals (Cu, Au, and Pd) is crucial. The contact with metals is extremely important and unavoidable in the graphene based nanoelectronics, e.g., in graphenebased field effect transistors (FETs), a graphene layer connects the source and drain electrodes which are typically made of metals. Recently, the importance of Joule heating, current crowding, and thermoelectric effects has been explored at graphene-metal contact. [11] [12] [13] Thermal transport at graphenemetal contact becomes particularly important in short channel transistors where the electrode contact can turn into a crucial heat removal pathway. 14, 15 Graphene-metal contacts cannot be avoided in graphene and Cu based interconnects in very large scale integrated (VLSI) circuits. 16 At high temperatures, graphene interconnects may become an important channel to spread heat inside an electronic package. 17 The metal contacts can significantly change the thermal properties of graphene. In spite of such crucial importance of the graphene-metal contact, the effect of metal substrate on graphene thermal properties has not been well explored.
Like other carbon allotropes including diamond, graphite, and carbon nanotubes (CNTs), the thermal transport in graphene is mainly contributed by phonons rather than electrons because of the strong covalent bonding of light carbon atoms. 3, 7 The lattice thermal conductivity of isolated graphene has been estimated by recent studies using molecular dynamics (MD) simulations, [18] [19] [20] [21] [22] Boltzmann transport equation (BTE) calculations, [23] [24] [25] [26] and simplified analytical models. [27] [28] [29] A large variation in the SLG thermal conductivity estimation has been observed among these different methods. Non-equilibrium MD simulations generally estimate small values for thermal conductivity because of the boundary scattering. [19] [20] [21] [22] The values determined by BTE calculations are comparable with the measurements, but a significant discrepancy exists in the role of the out-of-plane acoustic (ZA) phonons. 3, 4, 23, 26, 30, 31 Nika et al. 25, 29 found that the contribution of ZA phonons is negligible due to the large Gruneisen parameter and small group velocity. More recent BTE studies, which include both the normal and Umklapp scattering process, have demonstrated that the out-of-plane acoustic (ZA) modes could dominate the a)
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V C 2012 American Institute of Physics 112, 043502-1 thermal transport in suspended SLG. 3, 23, 26 The dominant contribution from ZA modes can be attributed to the large density of flexural phonons associated with the quadratic ZA branch dispersion and the restricted phase space for the ZA phonon scattering due to the reflection symmetry of two-dimensional graphene. 23 For supported SLG or multilayer graphene, the substrate coupling or interlayer coupling breaks the reflection symmetry and results in a significant suppression of ZA phonons as well as significant reduction in their thermal conductivity contribution. An analytical model for substrate scattering has to be incorporated in BTE simulations to estimate the effects of substrate. It is hard to incorporate the effect of interfacial structures on interfacial thermal transport using BTE methods. MD simulations can include the substrate structure and substrate scattering effect in a better way as different interfacial atomic configurations can be easily considered and phononphonon scattering events at interface including anharmonic effects can be inherently treated in a natural way.
In the present study, we investigate the thermal transport in suspended SLG and SLG supported on Cu using molecular dynamics and relaxation time approximation (RTA) approach at room temperature ($300 K). We use the equilibrium molecular dynamics (EMD) simulations and Green-Kubo method in order to reduce the finite size and boundary effects that are concerns of non-equilibrium molecular dynamics (NEMD) simulations. The classical MD simulations have some discrepancy with BTE studies in prediction of thermal conductivity as quantum effects are neglected in MD studies. However, the focus of this work is to explore thermal coupling between the SLG and Cu substrate, and MD simulations is an appropriate method to study this coupling as the phonon scattering at the interface dominate the thermal transport of supported SLG and the effect of Cu substrate can be effectively incorporated in MD simulations. We compare the thermal conductivity and dispersion curves of isolated SLG against that of Cu supported SLG. We observe significantly changes in dispersion curve in low frequency and low wavevector regions due to the substrate interactions. We obtain the lifetime of each phonon mode by fitting the spectral energy density (SED) to the Lorentzian function, and calculate the corresponding contribution to thermal conductivity using the RTA approach. Our calculations suggest that longitudinal acoustic (LA) phonons have the largest contribution of 40% to the thermal conductivity of isolated SLG while transverse acoustic (TA) and ZA phonons contribute 20% and 22%, respectively. The thermal conductivity of ZA phonons is reduced by 78% for the SLG supported on Cu, while the thermal conductivities of LA and TA phonons decrease by 12% and 25%, respectively. The absolute value of the reduction in LA and TA phonons contribution to thermal conductivity (77.4 and 82.9 W/mK) is still comparable to that of ZA phonons (282 W/mK) because of their large contribution in isolated SLG.
II. SIMULATION SETUP AND METHODOLOGY
In the MD simulation, the most stable configuration of graphene on the Cu substrate 32,33 is used. As shown in Fig. 1 , the SLG honeycomb lattice is positioned to match the triangular lattice of Cu (111) surfaces with one carbon atom on top of a Cu atom (A site) and the second carbon on a hollow site. Since, the Cu substrate is usually much thicker than the SLG, the lattice constant of SLG will tend to match Cu. 32 Therefore, we use the experimentally measured FCC lattice constant of copper (3.61 Å ), and adapt the lattice constant of SLG. The lattice constant of SLG is increased by 2.4% (compared to 2.492 Å calculated using the optimized Tersoff potential 19 ) to match the Cu lattice. The dimension of the Cu substrate used in the simulation is 60 Å Â 60 Å Â 12.5 Å .
We use LAMMPS package 22 for the molecular dynamics simulations. The optimized Tersoff potential 19 and embeddedatom method (EAM) potential 34 are used to describe the C-C interactions and Cu-Cu interactions, respectively. The optimized Tersoff potential can give improved fits to the three acoustic phonon branches of graphene dispersion curve which play the most important role in the thermal transport in SLG. The van der Waals interaction between C and Cu atoms at the interface is modeled by Lennard-Jones (L-J) potential, V ij ðrÞ ¼ 4ve ij ½ðr ij =rÞ 12 À ðr ij =rÞ 6 . The present study employs the L-J parameterization used by Xu and Buehler, 35 with e ¼ 25.78 meV and r ¼ 3.0825 Å . Graphene may have strong interaction and bonding with some metals such as Ti or Ni, but weakly interact with Cu, which justifies the application of L-J potential for Cu-C interaction. We use the parameter v to adapt the interaction strength between C and Cu atoms. 36 A time step of 0.5 fs is used in all the simulations.
A. Green-Kubo method
In the equilibrium simulation, the system is always in the linear response regime, and the Green-Kubo method can be used to calculate transport coefficients. The thermal conductivity is related to the equilibrium current-current autocorrelation function by the Green-Kubo expression
where V is the system volume, k B is the Boltzmann constant, and J a ðsÞ is the heat flux in x, y, or z direction. Periodic boundary conditions are employed in both x and y directions (see Fig. 1(a) ) and the thermal conductivity in x and y directions (k xx and k yy ) is averaged to calculate the in-plane thermal conductivity of SLG. The Green-Kubo method generally needs a very long simulation time to sufficiently converge the current-current autocorrelation function. In this study, we sample the heat flux every 5 fs and calculate the heat flux autocorrelation using simulation data of 50 ns, which has been observed to sufficiently long to achieve the convergence. The general expression to calculate the heat flux is
, where E i is the total energy of an atom.
For the three-body Tersoff potential, it can be expanded as 37 
JðtÞ
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The first term is associated with convection, and the second and third with conduction. 38 For a solid system without convection, the first term can be neglected. 39, 40 
B. Relaxation time approximation approach
The anisotropic thermal conductivity (k ab ) can be calculated considering relaxation time approximation 25, 41 
sðs;qÞv a ðs;qÞv b ðs;qÞC ph ðx s Þ:
Here, v and s are the phonon group velocity and lifetime, respectively. C ph is the specific heat of a phonon mode of frequency x The averaged thermal conductivity of SLG is determined by performing integration in the cylindrical coordinates using the dispersion along U-M direction while neglecting the anisotropy of the phonon dispersion 25 k ¼ 1 4pt 
Here, t ¼3.35 Å is the thickness of the SLG. The phonon group velocities are calculated from the phonon dispersion relations predicted using SED, vðs; qÞ ¼ @x s =@q. The SED of each branch at certain wave vector and frequency is determined by 42 Uðq; x; sÞ
where a and b are the subscripts for direction and basis atom in a unit cell. n x;y is the index for unit cell andr 0 ðn x;y Þ is the equilibrium position of each unit cell. e s is the polarization vector of the basis atom b for the phonon branch a at wavevector q. We incorporate the effect of phonon polarization vector in the calculation of mode dependent SED which has been neglected in the previous studies. 42 It is obtained from the harmonic lattice dynamics calculations using the GULP 21 code with optimized Tersoff potential. The phonon lifetime (s ¼ 1=2c) is obtained by fitting the SED to the Lorentzian function as 42 Uðq; x; sÞ ¼ I where I is the magnitude of the SED peak, x c is the peak center frequency, and c is the half-width at half-maximum. In this method, the full anharmonicity of the atomic interactions can be incorporated into the prediction of phonon lifetime and dispersion relations. The scattering of phonons at the interface with substrate due to the nonperiodic interactions can also be taken into account.
III. RESULTS AND DISCUSSION
A. Isolated graphene
The thermal conductivity of isolated SLG is computed using Green-Kubo method described in Sec. II. In order to achieve a good ergodicity of the phonon phase space, four independent simulations are performed for each case using different initial velocities of atoms following Gaussian distribution. The computed thermal conductivity of the isolated SLG is shown in Fig. 2 . A good convergence can be achieved by averaging over just four independent simulations as shown in Fig. 2 . The thermal conductivity is obtained by averaging over a smooth region once the integral of heat flux autocorrelation function converges to constant values (red solid circles in Fig. 2 ). 43 NEMD simulations use heat source and sink which bring the size effect in the thermal conductivity calculations. The size effect in Green-Kubo method is much less severe than that in NEMD (Ref. 44) as periodic boundaries are employed. However, the size effects still play a role in Green-Kubo method as for a system with very small size all longwavelength phonon modes may not get excited which may have important contribution to phonon thermal conductivity. 4, 8, 18, 31, 37 Our calculations using Green-Kubo method also indicate size dependent thermal conductivity of SLG. The thermal conductivity of 30 Â 30 Å SLG is estimated as 2520 W/mK, which is close to the thermal conductivity obtained from MD simulations in previous studies on the SLG of similar size. 8, 45 The thermal conductivity is observed to decrease with increasing simulation domain of SLG when the size is small. This trend is just opposite to what is typically observed for graphene nano-ribbon or systems with fixed boundaries in NEMD simulations. While using GreenKubo method for the SLG with periodic boundary condition, phonons may pass the system several times without scattering, 37 which is particularly more frequent for the small systems. In the absence of external scattering mechanism (e.g., defect scattering, impurity scattering, and boundary scattering), only few three-phonon U-process exists for long wave length phonons. The number of excited phonon modes may be limited for the MD simulation with a small domain, and some long wave length phonons (phonons with wave length comparable to the system size) encounter few scattering event and travel ballistically, resulting in a large artificial thermal conductivity. 31 More phonon modes are excited with increasing system size but phonon-phonon scattering also increases. 18 Because of this trade-off, the thermal conductivity values saturate once the size of SLG approaches 200 Â 200 Å . However, the effect of decreasing SLG size on its thermal conductivity significantly reduces once SLG becomes larger than 60 Â 60 Å . The computation is much more expensive for SLG supported on Cu (111) substrate due to the presence of thick Cu substrate. The SLG of 60 Â 60 Å size is selected for the simulations of Cu supported SLG considering the trade-off between the eliminating size effect and reducing computational efforts. We use modified Tersoff potential parameters for all MD simulations, but we also tested the original Tersoff parameters 46 using Green-Kubo method which estimates a much smaller thermal conductivity of 541 W/mK for the 60 Â 60 Å SLG compared to 1606 W/mK using modified Tersoff potential parameters.
B. Graphene supported on Cu (111)
Large oscillations in the heat current auto-correlation function occur when atoms of different atomic masses are present at the interface which makes evaluation of the HCACF integral relatively difficult. To address these oscillations and convergence issues in our simulations for supported SLG, we employ the approach followed in Ref. 40 , i.e., neglect the convection term in the heat flux calculations. Large oscillations in the HCACF can be eliminated using this method as shown in Fig. 3(a) . The convection term is also neglected for the isolated SLG. Only a small deviation in thermal conductivity is observed by neglecting convection term, e.g., less than 6% for isolated SLG of size 60 Â 60 Å . By comparing Figs. 2(a) and 3(a) , we can observe that the integral of HCACF converges faster for the supported SLG than the isolated SLG. This indicates that the lifetime of certain phonon modes is shortened due to the scattering with substrate, and the corresponding contribution to HCACF and thermal conductivity is suppressed.
By varying the interaction strength factor v in the L-J potential, we investigate the effects of C-Cu coupling strength on the thermal conductivity. As shown in Figure  3 of SLG further reduces with increasing v, but the rate of decrease slows down. A further reduction of 16% is observed ($ total 44%) when the interaction strength factor v is increased from 1 to 4. This reduction in thermal conductivity is smaller than the recent experimental results on graphene supported on SiO 2 substrate. 3 This may be due to two reasons: (1) the relatively smooth Cu (111) surface leads to less interface scattering of phonons; (2) neglect of quantum effects and the deviation of phonon distribution by the classical MD simulations. To further understand this, we next analyze the contribution of different phonon modes to the thermal transport in SLG using RTA method and explore the effect of thermal interactions at SLG-Cu interface.
C. Contributions of different phonon modes
Some recent studies investigate the thermal transport in the SLG and multi-layer graphene using BTE based methods. The contribution from different phonon modes has been presented and the importance of appropriately considering the selection rules has been demonstrated. 23, 26 However, the role of phonon modes in the thermal transport of SLG supported on Cu substrate has not yet been quantitatively studied. In this section, we predict the dispersion relations and phonon lifetime by means of SED using the velocities from equilibrium MD simulations, and then calculate the contribution of different phonon modes to thermal conductivity using RTA method. Figure 4 shows the dispersion curves of isolated SLG and Cu supported SLG, which is estimated from the contour plot of the sum of SED, Uðq; x; sÞ, of each mode. The Uðq; x; sÞ is averaged over 20 independent simulations to mitigate the inherent fluctuation in MD simulation results. The black solid lines in Fig. 4(a) correspond to dispersion curves made by connecting the peaks of SED of each mode. By comparing Figs. 4(a) and 4(b) , we can observe that the substrate interactions do not have an obvious effect on the LA, TA, and the three optical phonon modes. However, the ZA modes have been significantly changed due to the substrate interactions. Several modes related to out-of-plane vibrations appear at the low frequency and small wave vector region ($dimensionless wave vector qÃ ¼ q=q M < 0.5), as marked by the yellow dashed rectangle and the inset in Figure 4 (b). These modes with non-zero frequency at U point are similar to the layerbreathing mode in bilayer graphene and graphite. 28 They correspond to the out-of-phase vibration of C-Cu atom pair in direction perpendicular to graphene-Cu interface. References 27 and 29 suggested that there exists a cut-off frequency below which the coupling with the substrate phonons and cross-plane phonons becomes strong in the supported SLG or graphite. As a result, the phonon energy leaks to the substrate and the contributions of these low frequency phonons to the in-plane thermal transport are reduced to negligible. The blurred region in Fig. 3(b) indicates a cut-off frequency of 6 THz for the ZA phonon modes in SLG supported on Cu.
Since the ZA phonons have a maximum frequency of 14 THz at M point, this cut-off frequency has covered ZA phonon modes with q Ã 0:5, i.e., 50% of the allowed ZA phonon modes in U-M direction. Figure 5 shows the semilogarithmic plot of SED versus frequency along the U-M direction at q* ¼ 2/14 for the isolated and supported SLGs. The corresponding fitting curves to Lorentzian function are also presented in this figure. The SED at the other wave vectors has similar peak-and-valley , it is observed that the first peak corresponding to ZA mode in isolated SLG (Fig. 5(a) ) is highly suppressed in the supported SLG (Fig. 5(b) ). Several new peaks corresponding to the out-of-plane vibration modes appear for supported SLG as shown in the inset of Figure 5 (b). The intensity of newly created peaks has been significantly diminished for wave vectors larger than 0.5. The ZA mode of the isolated SLG (the first peak in Fig. 5(a) ) has the largest magnitude and narrowest width, which indicates a long lifetime (as s ¼ 1=2c from Eq. (7)). The magnitude of SED of ZA mode in supported SLG is more than 2 orders smaller than that of isolated SLG. The life time of ZA mode of isolated SLG is in the range of 12 ps to 165 ps; relatively long life time is observed in the small wave vector region. The suppressed ZA modes of supported SLG have a lifetime below 17 ps for all the allowed wave vectors. The newly created phonon modes due to the substrate scattering have small life time as well as small group velocities (as shown in the inset of Fig. 4(b) ), which indicates a negligible contribution to the thermal transport. The TA and LA modes have relatively small phonon life time, 4 ps À 43 ps for the isolated SLG and 1.5 ps À 20 ps for the supported SLG.
The contribution of different phonon modes to thermal conductivity of isolated and supported SLGs (v ¼ 1) is listed in Table I . The classical definition of phonon specific heat is C ph ¼ k B . We calculate the mode contribution using both the classical and quantum definitions of C ph . The contributions from the small wave vector region, q* < 0.5, are also presented in Table I in brackets next to the total contribution. Even though ZA modes have a relatively long life time in the low wave vector region, the corresponding contribution to thermal conductivity is small (21% for isolated SLG) due to the small group velocity of ZA modes in this regime. The three optical modes also have small group velocity as well as little contribution to the thermal conductivity. The peaks for ZA mode of supported SLG are difficult to locate out of those newly appearing modes from the semilogarithmic plot of SED for the wave vectors q* below 0.5. So, we do not fit the SED profiles of ZA modes for q* < 0.5, and neglect the corresponding contribution to the thermal conductivity. This can be justified as the ZA modes have small contribution in this region due to small group velocity in addition to the large suppression of these modes in supported SLG.
Referring to Table I , it is observed that the contributions from LA, out-of-plane optical (ZO), longitudinal optical (LO), transverse optical (TO) modes to the thermal conductivity are reduced by at least 50% when the quantum definition of C ph is used. This is because the quantum definition gives a small value of C ph at high frequency region due to the low phonon population and major contributions to LA, ZO, LO, and TO modes come from high frequency region. Table  I shows the thermal conductivity estimations using classical definition of C ph is in good agreement with the Green-Kubo results for both isolated and supported SLGs. This is comprehensible as the thermal conductivity predictions using GreenKubo method is done using classical EMD results. The reduction in total thermal conductivity due to the substrate scattering is 28.1% using the classical definition of C ph , which is also in good agreement with the Green-Kubo method. The contributions from the three acoustic modes (ZA, TA, and LA) dominate the thermal conductivity for both isolated and supported SLGs. In isolated SLG, the LA, TA, and ZA phonons contribute 654.2, 330.5, and 361.9 W/mK, respectively. The contribution of LA phonons is about 40% at the room temperature while TA and ZA phonons contribute 20% and 22%, respectively. The study in Ref. 29 showed the contributions of 50% and 49% from LA and TA phonons and negligible contribution from the rest of phonons at T ¼ 400 K. In the SLG supported on Cu, the ZA modes have been highly suppressed due to the substrate scattering. The reduction in ZA mode contribution is about 282 W/mK (78%) and 250 W/mK (80%) for the classical and quantum definitions of C ph , respectively. As indicated in Figs. 5(b), the ZA phonons below 6 THz (q Ã 0:5) have been suppressed, but their contributions are only 77.5 W/mK (see Table I ) which are much smaller than the total reduction in ZA mode contribution. This suggests that the phonon lifetimes of ZA phonons above 6 THz (q Ã > 0:5) are also significantly reduced due to the interaction with the substrate. The thermal conductivities of LA and TA phonons decrease by 12% and 25% for the classical definition of C ph . However, as the contributions of the LA and TA phonons are large in the isolated SLG, the absolute value of their reduction is comparable to that of ZA phonons.
IV. CONCLUSIONS
In summary, we studied the contribution of different phonon modes to the thermal conductivity of both isolated and Cu supported SLGs using equilibrium MD simulations. While using the classical definition of specific heat, the results from the Green-Kubo and RTA methods are in good agreement for both isolated and supported SLGs. The analysis using GreenKubo method shows a thermal conductivity reduction of 28%-44% due to the substrate scattering which strongly depends on the interaction strength between C and Cu atoms. The thermal transport in the isolated SLG is dominated by the three acoustic modes, the LA, TA, and ZA phonon modes which contribute 654.2, 330.5, and 361.9 W/mK to lattice thermal conductivity, respectively. The interaction with Cusubstrate results in several new phonon modes but with negligible contribution to the thermal conductivity as they have small group velocities and life time. The thermal conductivity contributions of LA, TA, and ZA phonons are reduced by 12%, 25%, and 78%, respectively, due to the interaction with Cu substrate. The reduction in phonon thermal conductivity of SLG supported on different metals or dielectric materials will be different as interfacial interaction strongly depends on the bonding and structure at the interface.
